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$\alpha$ $p\in \mathbb{Z}$ $|q\alpha+p+\beta|$
$m,$ $n\in \mathbb{Z}$ $\beta=m\alpha+n$
$m,$ $n\in \mathbb{Z}$ $\beta\neq m\alpha+n$
Khintchine
[10], [14], Koksma [11], Davenport $[6, 7]$ , Barnes [1], Barnes and Swinnerton-Dyer $[2, 3]$ , $\mathrm{C}\mathrm{a}\mathrm{s}\mathrm{s}\mathrm{e}\mathrm{l}\mathrm{s}[4]$ ,
Decombes [8], Sot [16], , [9], Cusick et al [5] [12] , [9]
[14] $Z=\{(x, y)|0\leqq y<1, -y<x<-y+1\}$ .
$Z$
$(x, y)\in Z$ [
$a’(x, y)= \lfloor\frac{1-y}{x}\rfloor-\lfloor\frac{-y}{x}\rfloor$ , $b’(x, y)=- \lfloor\frac{-y}{x}\rfloor$ .
$T_{1}$ $Z$ $(x,y)\in Z$ ,








[12] ) $1|_{\text{ }}$ [15]
. $(x, y)\in[0,1]^{2}$ & ,
$T_{2}(x, y)=( \frac{1}{x}-\lfloor\frac{1}{x}\rfloor, \lceil\frac{y}{x}\rceil-\frac{y}{x})$ .
$([0, 1]^{2}, T_{2})$ [12]
$\lim\inf_{qarrow\infty}q|q\alpha$ $+\beta-p|$ [13]
$([0, 1]^{2}, T_{2})$ Natural extension |$\sqrt$ \searrow $([0, 1]^{2}, T_{2})$ Natural
extension
$([0, 1]^{2}, T_{2})$ $([0, 1]^{2}, T)$ ( ) Natural extension
$([0, 1]^{2}, T)$ $([0, 1]^{2}, T_{2})$
$\mathrm{A}\mathrm{a}_{\text{ }}$
2
$x=[0,1]^{2}$ $(x, y)\in X$ $x\neq 0$ { $a(x),$ $b(x, y)$ $a(x)= \mathrm{L}\frac{1}{x}$ ,
$b(x, y)=\{$
1if $\mathrm{y}=0$ ,
$\lceil_{x}^{\mathrm{A}}\rceil$ if $y>\mathrm{O}$ and $\lfloor\frac{1}{x}$ ] $>\lfloor_{x}^{\mathrm{A}}\rfloor$ or $\lfloor\frac{1}{x}\rfloor=\mathrm{A}x$ ,
0if $\lfloor\frac{1}{x}\rfloor=\lfloor_{x}^{\mathrm{A}}\rfloor$ $\mathrm{d}\lfloor\frac{1}{x}\rfloor\neq_{x}\mathrm{A}$ .
$X$ $T$ $(x, y)\in X$ $x>0$
$(x, y)=\{$
$( \frac{1}{x}-a(x), b(x, y)-x\mathrm{A})$ if $b(x, y)>0$ ,
$( \frac{1}{x}-a(x), \frac{1}{x}-x\mathrm{A})$ if $b(x, y)=0$,
$x=0$ [ , then $T(x, y)=(x, y)$ .
$a_{n}(x)=a(T^{n-1}(x, y)),$ $b_{n}(x, y)=b(T^{n-1}(x, y))$ $(x_{n}, y_{n})=T^{n-1}(x, y)$ $x\not\in \mathbb{Q}$
$n>0$ $a_{n}(x)$ $b_{n}(x, y)$
$\mathrm{I}\mathrm{J}$ $\{a_{n}(x)\}$ $\{b_{n}(x, y)\}$
1. $(x, y)\in X$ , $n$
1. $a_{n}(x)>0$ $a_{n}(x)\geq b_{n}(x, y)\geq 0$ ,
2. $b_{n}(x, y)=0$ , $b_{n+1}(x, y)=1$ .
–
1. $\{a_{n}\}_{n=1,2},\ldots\{b_{n}\}_{n=1,2},\ldots$ $n>0$
1. $a_{n}>0$ and $a_{n}\geq b_{n}\geq 0$ ,
34
2. if $b_{n}=0$ , then $b_{n+1}=1$ ,
3. if $b_{n}=0$ , then there exists an integer $k>\mathrm{O}$ such that $b_{n+2k}>0$ .
$(x, y)\in X\cap\Psi$ $a_{n}=a_{n}(x)$ $b_{n}=b_{n}(x, y)$ .






$b_{1}(x,y)$ if $b(x, y)>0$ ,
0if $b(x,$ $y\rangle=0$ ,
$n>1\}$
$A_{n}(x,y)=\{$
$A_{n-1}(x, y)+b_{n}(x, y)q_{n-1}(x)$ if $b(x, y)>0$ ,
$A_{n-1}(x, y)-q_{n-2}(x)$ if $b(x, y)=0$,
$B_{n}(x, y)=\{$
$B_{n-1}(x,y)+b_{n}(x, y)p_{n-1}(x)$ if $b(x,y)>0$ ,
$B_{n-1}(x,y)-q_{n-2}(x)$ if $b(x, y)=0$ ,






$\{B_{n}(x, y)\}_{n=1,2},\ldots$ $\{A_{n}(x, y)\}_{n=1,2},\ldots$
2. $(x, y)\in X$ $x\not\in \mathbb{Q}$ . , $n>0$ [
$y=B_{n}(x, y)x-A_{n}(x, y)+(-1)^{n}y_{n+1}x_{1}\cdots x_{n}$ . (1)
$B_{n}(x, y),$ An(x, $y$)
$n$ $B_{n-1}(x, y)x-A_{n-1}(x, y)$ $Bn-1(x, y)x-$
$A_{n-1}(x, y)$ $|qn-1(x)x-pn-1(x)|$ $y$ $y$
( $M$ ) $a_{n}(x)+1$ $M\leq a_{n}(x)$
$B_{n}(x,y)x-A_{n}(x, y)$ $M=a_{n}(X)+1$ $Bn-1(x, y)x-An-1(x, y)$ $|qn-2(x)x-$




1. $(x, y)\in X\cap\Psi$ $\Psi=$ { $(x,$ $y)\in \mathbb{R}^{2}|x\not\in \mathbb{Q}$ and $y\neq mx+n$ for any $m,n\in \mathbb{Z}$}
. $n>0$ , $B_{n}(x, y)x-A_{n}(x, y)-y>0$ $m,j$ $0<m<B_{n}(x, y)$
[ mx-j-y $>0$ ,
$B_{n}(x, y)x-A_{n}(x,y)-y<mx-j-y$ .




2. $(x, y)\in X\cap\Psi$ .
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$\lim_{qarrow}\inf_{\infty}q||qx-y||$
$= \lim_{narrow}\inf_{\infty}\min\{B_{n}(x, y)|B_{n}(x, y)x-A_{n}(x, y)-y|$ ,
$\tau(B_{n}(x, y)-q_{n-1}(x))|(B_{n}(x, y)-q_{n-1}(x))x-(A_{n-1}(x, y)-p_{n}(x))-y|\}$,
$q\in \mathbb{Z}$ $u>0$ { \mbox{\boldmath $\tau$}(u)=u $u\leq 0$ ( $\tau(u)=\infty$ .
3Natural Extension
$\Omega_{1},$ $\Omega_{2},$ $\Omega_{1}’,$ $\Omega_{2}’$
$\Omega_{1}=\{(x, y)|(x, y)\in\Psi, y>1, x\leq-1, y\leq-x+1\}$
$\Omega_{2}=\{(x, y)|(x, y)\in\Psi, 0\leq y\leq 1, x\leq-1, \}$
$\Omega_{1}’=\{(x, y)\in[0,1]^{2}|(x, y)\in\Psi, y\leq x\}$
$\Omega_{2}’=\{(x, y)\in[0,1]^{2}|(x, y)\in\Psi, y>x\}$
$\Phi=[0,1]^{2}\cap\Psi$ $\Omega$ $\Omega=\{\Omega_{1}’\mathrm{x}(\Omega_{1}\cup\Omega_{2})\}\cup(\Omega_{2}’\mathrm{x}\Omega_{1})$ .
$\Omega$ $\overline{T}$
$(x, y, z, w)\in\Omega$ (
$\overline{T}(x, y)=\{$
$( \frac{1}{x}-a(x), b(x, y)-x\mathrm{A} , \frac{1}{z}-a(x), b(x, y)-\frac{w}{z})$ if $b(x, y)>0$ ,
$( \frac{1}{x}-a(x), \frac{1}{x}-x\mathrm{A}, \frac{1}{z}-a(x), \frac{1}{z}-\frac{w}{z})$ if $b(x, y)=0$,





1. $(x, y)\in\Phi$ $x2$ $y\in \mathbb{Q}(x)$ $(x, y)$ $T$ (
2. $(x, y)\in\Phi$ $x2$ $y\in \mathbb{Q}(x)$ $(x, y,\overline{x},\overline{y})\in\Omega$ $(x, y)$ $T$ (
$(X, T_{1})$ 3 1. [13]
Natural Extension 2
4. $(\alpha, \beta)\in\Phi$ . $x2$ $y\in \mathbb{Q}(\alpha)$
1\rightarrow $q||q \alpha-\beta||={\rm Min}\{\frac{\beta_{n}(\beta_{n})’}{\alpha_{n}-(\alpha_{n})’}, \frac{|(1-\beta_{n})(1-\beta_{n})’|}{\alpha_{n}-(\alpha_{n})},;n\geq m\}$ ,
$qarrow\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$
$(\alpha_{m}, \beta_{m})$ $(\alpha_{n}, \beta_{n})=T^{n-1}(\alpha, \beta)$ $v\in \mathbb{Q}(\alpha)$ $v’$ $v$
$||x||= \min\{|m-x||m\in \mathbb{Z}\}$.
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